The methodology of the heterotic mini-landscape attempts to zero in on phenomenologically viable corners of the string landscape where the effective low energy theory is the Minimal Supersymmetric Standard Model with localized grand unification. The gaugino mass pattern is that of mirage-mediation. The magnitudes of various SM Yukawa couplings point to a picture where scalar soft SUSY breaking terms are related to the geography of fields in the compactified dimensions. Higgs fields and third generation scalars extend to the bulk and occur in split multiplets with TeV scale soft masses. First and second generation scalars, localized at orbifold fixed points or tori with enhanced symmetry, occur in complete GUT multiplets and have much larger masses. This picture can be matched onto the parameter space of generalized mirage mediation. Naturalness considerations, the requirement of the observed electroweak symmetry breaking pattern, and LHC bounds on mg together limit the gravitino mass to the m 3/2 ∼ 5−60 TeV range. The mirage unification scale is bounded from below with the limit depending on the ratio of squark to gravitino masses. We show that while natural SUSY in this realization may escape detection even at the high luminosity LHC, the high energy LHC with √ s = 33 TeV could unequivocally confirm or exclude this scenario. It should be possible to detect the expected light higgsinos at the ILC if these are kinematically accessible, and possibly also discriminate the expected compression of gaugino masses in the natural mini-landscape picture from the mass pattern expected in models with gaugino mass unification. The thermal WIMP signal should be accessible via direct detection searches at the multi-ton noble liquid detectors such as XENONnT or LZ. *
Introduction
String theory offers a UV complete finite theory which includes a quantum mechanical treatment of gravity and the possible inclusion of the Standard Model (SM) [1] . While only a few string theories exist, formulated as 10-dimensional superstring or 11-dimensional M -theory, the compactification of the extra-dimensions leads to a vast landscape for 4-D theories. It appears that neither the SM nor its minimal supersymmetric extension are a generic part of the landscape. There has, nevertheless, been a vast effort to understand how either of these models might emerge from the landscape of string vacua [2] .
One promising approach has been to adopt the SM as a low energy target effective field theory and to see if it might arise in special regions of the string landscape. By investigating these so-called "fertile patches" of the landscape, lessons may be learned about how the SM might emerge from string theory compactification [3] . Since string theory necessarily involves a high mass scale M string close to m Pl or m GUT , low energy (N = 1) supersymmetry (SUSY) is usually invoked to stabilize the Higgs mass [4] , and the low energy target effective theory is frequently taken as the Minimal Supersymetric Standard Model (MSSM). The MSSM enjoys indirect phenomenological support in that 1. the measured values of weak scale gauge couplings unify under MSSM renormalization group running at Q = m GUT 2 × 10 16 GeV [5] , 2. the measured value of m t is just what is needed to drive a radiative breakdown of electroweak symmetry [6] , and 3. the measured value of the Higgs boson mass m h 125 GeV [7] falls squarely within the required MSSM range where m h 135 GeV is required [8] . A very practical avenue for linking string theory to weak scale physics, known as the minilandscape, has been investigated at some length [12] . The methodology of the mini-landscape is to zero in on the small subset of landscape vacua which give rise to reasonable weak scale particle physics as realized by the MSSM. The mini-landscape adopts the E 8 × E 8 gauge structure of the heterotic string since one of the E 8 groups automatically contains as sub-groups the grand unified structures that the SM multiplets and quantum numbers seems to reflect: E 8 ⊃ E 6 ⊃ SO(10) ⊃ SU (5) ⊃ G SM where G SM ≡ SU (3) C × SU (2) L × U (1) Y . The other E 8 may contain a hidden sector with SU (n) subgroups which become strongly interacting at some intermediate scale Λ ∼ 10
13 GeV leading to gaugino condensation and consequent supergravity breaking [13] . Compactification of the heterotic string on a Z 6 −II orbifold [14] can lead to low energy theories which include the MSSM, possibly with additional exotic matter states.
A detailed exploration of the mini-landscape has been performed a number of years ago. In this picture, the properties of the 4-D low energy theory are essentially determined by the geometry of the compact manifold, and by the location of the matter superfields on this manifold. The gauge group is G SM though the symmetry may be enhanced for fields confined to fixed points, or to fixed tori, in the extra dimensions. Examination of the models which lead to MSSM-like structures revealed the following picture [15] .
1. The first two generations of matter live on orbifold fixed points which exhibit the larger SO(10) gauge symmetry; thus, first and second generation fermions fill out the 16-dimensional spinor representation of SO(10).
2.
The Higgs multiplets H u and H d live in the untwisted sector and are bulk fields that feel just G SM . As such, they (and the gauge bosons) come in incomplete GUT multiplets which automatically solves the classic doublet-triplet splitting problem.
3. The third generation quark doublet and the top singlet also reside in the bulk, and thus have large overlap with the Higgs fields and correspondingly large Yukawa couplings. The location of other third generation matter fields is model dependent. The small overlap of Higgs and first/second generation fields (which do not extend into the bulk) accounts for their much smaller Yukawa couplings.
4. Supergravity breaking may arise from hidden sector gaugino condensation with m 3/2 ∼ Λ 3 /m 2 Pl with the gaugino condensation scale Λ ∼ 10 13 GeV. SUSY breaking effects are felt differently by the various MSSM fields as these are located at different places in the compact manifold. Specifically, the Higgs and top squark fields in the untwisted sector feel extended supersymmetry (at tree level) in 4-dimensions, and are thus more protected than the fields on orbifold fixed points which receive protection from just N = 1 supersymmetry [16] . First/second generation matter scalars are thus expected with masses ∼ m 3/2 . Third generation and Higgs soft mass parameters (which enjoy the added protection from extended SUSY) are suppressed by an additional loop factor ∼ 4π 2 ∼ log(m Pl /m 3/2 ). Gaugino masses and trilinear soft terms are expected to be suppressed by the same factor. The suppression of various soft SUSY breaking terms means that (anomaly-mediated) loop contributions [17] may be comparable to modulus-(gravity-) mediated contributions leading to models with mixed moduli-anomaly mediation [18] (usually dubbed as mirage mediation or MM for short); in these scenarios, gaugino masses apparently unify at some intermediate scale
where α parametrizes the relative amounts of moduli-versus anomaly-mediation.
The phenomenon of mirage mediation was originally found to occur in type-IIB strings where moduli fields were stabilized by a combination of fluxes and gaugino condensation leading to theories with an AdS vacuum. Uplifting of the AdS to a deSitter vacuum was arranged via the presence of anti-D3 branes (KKLT formulation [19] ). Since these original models were first written down, additional uplifting mechanisms have been formulated [20] . The mirage mediation SUSY breaking scheme was also found to arise in compactification of the heterotic string in addition to the original II-B proposal [21] .
The mirage mediation soft SUSY breaking Lagrangian terms have been computed in a number of papers and are given by [18, 22, 23] ,
where
16π 2 , b a are the gauge β function coefficients for gauge group a and g a are the corresponding gauge couplings. The coefficients that appear in (2)-(4) are given by c i = 1 − n i ,
Finally, y ijk are the superpotential Yukawa couplings, C a 2 is the quadratic Casimir for the a th gauge group corresponding to the representation to which the sfermionf i belongs, γ i is the anomalous dimension, andγ i = 8π
. Expressions for the last two quantities involving the anomalous dimensions can be found in the Appendix of Ref's [23, 24] .
In the earliest models the coefficients that appear in (3) and (4) took on values determined by discrete values of the modular weights n i which depended on the location of fields in the original II-B string model and were given by c i = 1 − n i , a ijk = 3 − n i − n j − n k . Thus, the parameter space of the original MM models was given by
It has since been recognized that while the gaugino mass patterns in Eq. (2) are a robust prediction of the mirage-mediation picture, the corresponding patterns of scalar mass and trilinear parameters are sensitive to the mechanisms of moduli stabilization and uplifting. This, together with the fact that the original mirage-mediation models seemed to require relatively large fine-tuning in light of the measured value of the Higgs boson mass [27] , led us to suggest a phenomenological generalization of this picture discussed in Sec. 2 [28] . This extension allows us to accommodate the mass patterns suggested by the mini-landscape picture mentioned above, the phenomenology of which is the subject of this paper. In Sec. 3 we explore the parameter space of this generalized mirage mediation (GMM) framework, identify portions which are consistent with naturalness, and study the resulting sparticle spectra expected in the natural mini-landscape picture. In Sec. 4, we perform scans over parameter space to obtain upper bounds on superpartner masses from naturalness requirements. Sec. 5, we broadly discuss collider and dark matter phenomenology of the natural mini-landscape picture. We summarize our main results in Sec. 6.
Natural generalized mirage mediation
We have just mentioned that the original MM models based on the parameter space (5) were found to be highly fine-tuned even under the most conservative electroweak fine-tuning measure ∆ EW [25, 26] for parameter choices which gave rise to m h ∼ 123 − 127 GeV [27] . The electroweak fine-tuning measure ∆ EW is defined by requiring that there are no large cancellations between independent contributions to the Z boson mass calculated from the minimization conditions of the 1-loop MSSM scalar potential, It is essential that the sensitivity of m Z be evaluated only with respect to the independent parameters of the theory. If this is not done, the UV sensitivity of the theory will be overestimated, and the theory may be incorrectly regarded as fine-tuned. It has further been shown that traditionally used high scale measures of fine-tuning [29, 30, 31] reduce to ∆ EW once underlying (potential) correlations between parameters are properly incorporated [32, 33, 27] . For this reason, we regard ∆ EW as the most conservative measure of fine-tuning.
It seems highly implausible that if the SUSY breaking parameter m 2 GeV 2 , and [34, 35] (the closer to m Z the better). For moderate-to-large tan β 5, the remaining contributions other than Σ [26] . The failure of naturalness in MM as detailed above has led us previously to propose moving from discrete choices of the parameters a ijk and c i in Eqs. (3) and (4) to a continuous range, and also to allow c i values greater than 1 [28] . While the discrete parameter choices occur in a wide range of KKLT-type compactifications (for some discussion, see Ref. [36] ), a continuous range of these parameters may be expected if one allows for more general methods of moduli stabilization and potential uplifting. For instance, if the soft terms scan as in the string landscape picture [37] , then their moduli-mediated contributions may be expected to be parametrized by a continuous value. For models which generate a small µ term ∼ 100 GeV from multi-TeV soft terms, such as in the Kim-Nilles mechanism [38] with radiative Peccei-Quinn breaking [39] , it has been suggested that the statistical pull by the landscape towards large soft terms, coupled with the anthropic requirement of m weak ∼ 100 GeV, acts as an attractor towards natural SUSY soft term boundary conditions [40] .
Note that the phenomenological modification we have suggested will not affect the result Eq. (2) for gaugino mass parameters, which has been stressed [41] to be the most robust prediction of the MM mechanism. In this paper, we allow for the more general mirage mediation (GMM) parameters, thus adopting a parameter space given by
where a 3 is short for a Q 3 HuU 3 . Here, we adopt an independent value c m for the first two matter-scalar generations whilst the parameter c m3 applies to third generation matter scalars. This splitting accomodates the case of the mini-landscape wherein third generation scalars are expected to receive soft terms ∼ TeV whilst first/second generation matter scalars are expected to occur with mass values ∼ m 3/2 1 TeV. The independent values of c Hu and c H d which set the moduli-mediated contribution to the soft Higgs mass terms may conveniently be traded for weak scale values of µ and m A as is done in the two-parameter non-universal Higgs model (NUHM2) [42] :
This procedure allows for more direct exploration of natural SUSY parameter space which requires µ ∼ 100 − 300 GeV (the closer to m Z the better). Thus, our final relevant soft terms are given by
where, for a given value of α and m 3/2 , the values of c Hu and c H d are adjusted so as to fulfill the input values of µ and m A . In the above expressions, the index i runs over first/second generation MSSM scalars
The common value of c m in Eq. (14) ensures that flavorchanging neutral current (FCNC) processes are suppressed. The GMM parameter space is well-suited for the exploration of the superparticle mass spectra and resulting phenomenology that is to be expected from the natural mini-landscape. 3 Superparticle spectra from the natural mini-landscape
We begin by reminding the reader that in the natural mini-landscape picture, 1. the gaugino mass spectrum is as given by mirage mediation Eq. (10), 2. |µ| not far from m Z , 3. third generation squarks lie in the TeV range, and 4. first and second generation masses are close to m 3/2 ∼ multi-TeV. To obtain a broad overview, we show in Fig. 1 the value of M 3 (weak) (where mg ∼ M 3 (weak) up to loop corrections) as generated using Eq. (10) -but scaled by a factor M 3 (weak) 2.34M 3 (GUT) to account roughly for RG evolution -without making a specific assumption about scalar sector parameters. From the figure, we immediately see that the LHC13 limit mg 1.9 TeV [44, 45] , roughly speaking, excludes values of α below the M 3 (weak) = 1.9 TeV contour. Moreover, the fact that the naturalness condition bounds the gluino mass from above similarly excludes values of α above the dashed curve if one insists on EW naturalness with ∆ EW < 30 [46] . We regard the large range of m 3/2 and α between these curves as the "favoured region" of the mini-landscape picture, but keep in mind that the boundaries have some fuzziness in part because the curves are only approximate contours of the gluino mass. We will see later that -for natural sparticle mass spectra from the minilandscape -m 3/2 is in fact bounded from above, the exact bound depending on the details of the mini-landscape picture. 
A natural mini-landscape benchmark point
To gain some perspective on natural mini-landscape parameter space, we first generate a benchmark (BM) point using Isajet 7.86. We adopt a value m 3/2 = 10 TeV and then select a value of α = 20 well within the allowed region of Fig. 1 , the location of which is shown by the green star. To obtain the first two generation mass parameters ∼ m 3/2 we choose c m = 100 in Eq. (14) . This leads to first/second generation soft terms ∼ 12.7 TeV. To gain third generation scalars in the several TeV range, we select c m3 = 18 leading to m i (3) ∼ 5.4 TeV. A choice of a 3 ∼ 6 leads to a GUT scale trilinear soft term A t ∼ −7.6 TeV which is a typical value required to boost the Higgs mass m h up to its measured value ∼ 125 GeV [47] whilst simultaneously reducing ∆ EW to natural values [25] . In addition, we choose a natural value of µ = 150 GeV, with tan β = 10 and m A = 2 TeV. The sparticle spectrum from Isajet 7.86 is listed in Table 1 as the BM point mini1. The spectrum for an NUHM3 model that should be in close correspondence with the BM mini1 point is shown in the adjacent column of this table.
2 The last column lists the spectrum and parameters of a second mini-landscape point introduced in Sec. 4.1.1. From the Table, we The remainder may be made up by other particles: since we also insist on naturalness in the QCD sector, the QCD axion is the likely candidate. The relic abundance of both the QCD axion and higgsino-like WIMPs depends on various parameters from the Peccei-Quinn sector (axino and saxion mass, axion mis-alignment angle, axion decay constant f a etc.) [48] .
To see how aspects of the mini1 benchmark point depend on α and m 3/2 , we show in Fig.  2 the variation in ∆ EW , m h and mt 1 versus α (left-column) and versus m 3/2 (right-column) where other parameters remain fixed at their mini1 BM values. The corresponding gluino mass can be inferred from Fig. 1 while the higgsino masses are ∼ |µ|. Other sfermions are typically too heavy to be produced at LHC14. The red portion of the curves has ∆ EW < 30 and the mini1 BM point is marked by the green cross. In the upper left frame, we see that ∆ EW rises rapidly with increasing α since the superpartners (most notably the stops and gluino) become too heavy and the spectrum becomes unnatural, even with µ fixed at 150 GeV. This is due to the increasing values of radiative corrections, mainly Σ u u (t 1,2 ) in Eq. (6). Also, m h and mt 1 rise with increasing α as the top squarks become increasingly heavy. Likewise, in the right column, we see ∆ EW rapidly increases with increasing m 3/2 , as do m h and mt 1 . This is again due to 2 The NUHM3 model is a three parameter extension of the familiar mSUGRA/CMSSM model in which the two GUT scale Higgs mass parameters as well as the GUT scale third generation sfermion mass parameters are taken to be independent of the universal scalar mass m 0 of the mSUGRA framework. The mini-landscape picture is then very close to the NUHM3 picture except that the GUT scale gaugino mass pattern is given by mirage mediation, and that scalar masses and A-parameters include small anomaly-mediated contributions. 
1.5 × 10 −9
9.1 × 10 rapidly increasing sparticle masses. In Fig. 3 , we show variation in ∆ EW , m h and mt 1 versus c m (left-column) and c m3 (rightcolumn), this time holding α and m 3/2 fixed at their mini1 benchmark values. From the upper-left frame, we see that ∆ EW rapidly drops with increasing c m . At first thought, one might not expect such sensitivity since c m governs first/second generation scalar masses which seemingly have little to do with naturalness. However, long ago it has been emphasized that two-loop RG contributions [49] to scalar running become large for large first/second generation scalar soft terms (see [50] and more recently discussion in [16] ). These two loop RGE terms help drive the stop sector towards natural values as seen in the figure. As elaborated later, this same RG evolution also leads to a bound on the mini-landscape parameter space since too large values for first/second generation scalars drive third generation soft mass parameters tachyonic, leading to charge and color breaking (CCB) minima in the scalar potential. For the mini1 BM point, viable spectra are only generated out to c m ∼ 100, comfortably containing the ∆ EW ≤ 30 region. In the right-column of Fig. 3 , we show how the same quantities vary versus c m3 . As c m3 drops to values below ∼ 17.5, some top squark soft mass parameters are driven tachyonic leading to CCB minima. Larger values of c m3 than are shown can be phenomenologically allowed, but only at an increasing cost to naturalness.
The interplay between the first/second and third generation scalar masses is illustrated in the c m3 vs. c m plane shown in Fig. 4 , with other parameters fixed to their mini1 BM values. We see again that as c m increases (for fixed c m3 ), the model becomes increasingly natural as exhibited by lower values of ∆ EW dropping below 15. For yet higher c m values, solutions are rejected due to CCB minima mentioned above. Also, as c m3 drops, the solutions become increasingly natural. The dividing line between natural (green) and forbidden (unshaded) solutions corresponds to barely-broken electroweak symmetry which is the essence of SUSY EW naturalness. In References. [51] and [40] , it is noted that large c m solutions may be favoured by a string theory landscape which prefers large soft terms, consistent with the anthropic weak scale requirement m W,Z,h ∼ 100 GeV.
In Fig. 5 , we show variation of ∆ EW , m h and mt 1 versus a 3 (left-column) and tan β (rightcolumn). For much of the range of a 3 , which dictates the magnitude of the trilinear soft terms A t,b,τ , the solutions are relatively unnatural and the value of m h is too low. For large a 3 ∼ 5−6, both the mixing in the stop sector and radiative corrections to m h increase, leading to m h ∼ 125 GeV whilst simultaneously reducing ∆ EW < 30. The value of m h decreases for negative values of a 3 because A t (weak) ∼ 1 TeV for a 3 < −6 to be compared with A t (weak) ∼ −4 TeV at the right end of the plot. The value of mt 1 gets reduced for values of a 3 consistent with both naturalness as well as the observed value of m h . For large negative a 3 , the value of ∆ EW also drops below 30, but in this case m h remains around 119 GeV. From the right-column, we see that low ∆ EW prefers low tan β 25. For higher tan β, then the b-quark Yukawa increases and the Σ u u (b 1,2 ) terms can contribute large values to ∆ EW because the bottom squarks are typically heavier than the stops. 
Scan over natural mini-landscape parameter space
In this section, we present results from a scan over the portion of natural GMM parameter space which is in accord with expectations from the mini-landscape. To facilitate the scanning, we first restrict the high scale soft scalar mass parameters for the first two generations (recall these have no protection from extended supersymmetry in 4D) to be very close to m 3/2 . Assuming that modulus-mediated contributions dominate the soft terms, we expect,
(In Sec. 4.2 below we will examine how our results vary if we relax this assumption.) Further, we will define m 0 (1, 2) and m 0 (3) as the average of first/second and third generation matter scalars at the GUT scale.
Results for
As mentioned, to begin our analysis we first present results taking first/second generation SUSY breaking mass parameters close to the gravitino mass, and scan over
• m 3/2 : 3 − 65 TeV, Figure 5 : ∆ EW , m h and mt 1 vs. variation in a 3 and tan β for the mini1 benchmark point. The red portion of the curves has ∆ EW < 30. The green star denotes the mini1 benchmark point.
• c m3 : 1 − min [40, (c m /4)]
• a 3 : 1 − 12 in order to lift m h ∼ 125 GeV,
• tan β : 3 − 60,
• µ : 100 − 360 GeV (lower bound to enforce LEP2 chargino search limits while upper limit from naturalness requiring ∆ EW < 30),
• m A : 0.3 − 10 TeV.
In addition, we require of our solutions
• that there is an appropriate breakdown of EW symmetry (i.e. EW breaks but with no CCB minima),
• m h : 123 − 127 GeV (allowing for ∼ ±2 GeV theory error in our calculation of m h ),
• mg > 1.9 TeV (in accord with recent LHC13gg search results),
• mt 1 > 1 TeV (in accord with recent LHC13t 1t1 search results [52, 53] ).
The results of our scan are shown in Fig. 6 where red points have ∆ EW < 30 while green points have ∆ EW < 20. From the plot we find an upper bound on m 3/2 24 (32) TeV and ∆ EW < 20 (30) . For higher m 3/2 values, first/second generation scalars are so heavy that some third generation scalars always are driven tachyonic leading to CCB minima. Since in the mini-landscape we expect m i (1, 2) ∼ m 3/2 ∼ log(m Pl /m 3/2 ) × m j (3) then we really expect m 3/2 5 − 10 TeV. The upper bound restricts the gravitino mass m 3/2 30 TeV. This has three effects on phenomenology: 1. We expect first/second generation matter scalars to decouple from LHC searches, 2. the rather high first/second generation scalars suppress possible FCNC and CP-violating processes (offering at least a partial solution to the SUSY flavor and CP problems) [54] , and 3. it softens the cosmological gravitino problem wherein thermal production of gravitinos followed by delayed decays can disrupt the successful predictions of Big Bang nucleosynthesis (in that heavier gravitinos decay more quickly and may then decay before the onset of BBN) [55, 56] . Note that in these models the moduli masses are expected to be ∼ log(m Pl /m 3/2 )m 3/2 so that for m 3/2 ∼ 10 − 20 TeV, then m T ∼ 400 − 800 TeV. Such heavy moduli decay relatively rapidly and thus evade the cosmological moduli problem.
A second result from Fig. 6 is that we obtain a lower bound on α 7. This bound arises from the LHC bound on mg as can be seen from Fig. 1 It can be translated via Eq. (1) into a lower bound on the mirage unification of µ mir 2.7 × 10 11 GeV. As a result, the weak scale gaugino spectrum is somewhat compressed, but gross compression is not possible. This is relevant for collider as well as for WIMP dark matter searches.
The mini2 benchmark model
From Fig. 6 , we now readily pick out natural mini-landscape models with m 3/2 ∼ 10 − 30 TeV. A particular choice in shown in Table 1 stop mass is suppressed both by renormalization effects from 1. the large top Yukawa coupling and 2. large first/second generation scalar masses as well as 3. by large intragenerational mixing: thus, mt 1 = 1341.7 GeV, nearly at the maximal reach of HL-LHC [58] . The gluino mass is also close to the ultimate reach of HL-LHC. And yet the model is quite natural with ∆ EW = 17.6. Indeed, natural SUSY models beyond the LHC reach are not difficult to find. The light higgsinos though would be easily accessible to ILC. The spectrum from the mini2 benchmark model point is illustrated in Fig. 7 .
In Fig. 8 we show the evolution of gaugino masses from the mini2 benchmark point. In this case, the mirage scale is clearly seen at µ mir ∼ 10
13 GeV resulting in a mild compression of gauginos as compared to models with gaugino mass unification. Here, we find M 2 /M 1 ∼ 1.5 whereas -ino mass unification delivers M 2 /M 1 ∼ 2. Also, M 3 /M 1 here is ∼ 3.6 whereas unified models tend to yield M 3 /M 1 ∼ 6 (as in the NUHM3 BM point). In obtaining these ratios, one must use the bino mass m Z 3 since for natural SUSY the W 1 , Z 1,2 are all higgsino-like. Of course, smaller values of α yield a greater compression of the gaugino spectrum. We will return to this in Sec 4.2 where we allow for deviations from Eq. (18).
In Fig. 9 , we show the evolution of various soft scalar masses for the mini2 benchmark point. The first/second generation scalars lie at ∼ 20 TeV and hardly run. Third generation scalars lie around 5 TeV. The Higgs sector parameter m Hu starts somewhat heavier than this at Q = m GUT but is radiatively-driven to natural low values at Q ∼ m weak (notice here that though m We mention in passing that, in contrast to the earliest MM models, the scalar evolution does not exhibit any special feature at Q = µ mir .
Effect of relaxing
In Sec. 4.1, motivated by the fact that the the first and second generation sfermion mass parameters are less protected from SUSY breaking effects than the Higgs and top squark multiplets, we had fixed m 0 (1, 2) m 3/2 . This led us, among other things, to conclude that the mirage scale could not be much lower than ∼ 10 11 GeV, with the associated mild compression of the gaugino spectrum. Depending on the details of the location of the first two generation fields, their SUSY breaking parameters may well be partially protected so that m 0 (1, 2) are somewhat smaller than m 3/2 but, of course, still hierarchically separated from m 0 (3).
Motivated by this, we adopt a phenomenological attitude and perform other parameter scans, this time taking 1. m 0 (1, 2) m 3/2 /2 and 2. m 0 (1, 2) 2m 3/2 . We also require that m 0 (1, 2) ≥ 2m 0 (3) (and m 3/2 ≥ 2m 0 (3) in case #2) to ensure that the hierarchy between generations remains as a feature of the mini-landscape. The scanned range of other parameters is the same as in Fig. 6 . The solutions with ∆ EW from this generalized scans that also satisfy the LHC constraints are illustrated in Fig. 10 . The blue dots show the same results as in are for m 0 (1, 2) 2m 3/2 . The main result is that for the case with smaller values of m 0 (1, 2) shown by the gray dots, natural solutions with larger values of m 3/2 are allowed. This is not surprising if we recall that the upper limit on m 3/2 comes from the fact that the stop mass squared parameters become negative due to two loop contributions involving correspondingly heavy squarks in the first two generations. For a fixed gravitino mass, because m 0 (1, 2) is about half as small for the gray points as compared with the blue points, it is clear that there will be viable solutions out to about twice larger gravitino masses in the gray point case. The situation is exactly reversed for the m 0 (1, 2) = 2m 3/2 case illustrated by the orange points.
An important phenomenological consequence of the large m 3/2 solutions is that they extend to α values as small as 4, to be compared with the bound α 7 that we saw from Fig. 6 . As a result, the mirage unification scale can be as low as ∼ 5 × 10 7 GeV, with a concomitantly larger compression of gauginos 3 relative to the situation in Fig. 6 . While our considerations emphasize that there is a lower bound on µ mir , the precise value of this lower bound is sensitively dependent on just how small the ratio of m 0 (1, 2)/m 3/2 can be.
Before closing this discussion, we remind the reader that we were motivated to do the extended scan in Fig. 10 because the first two generations may well not be located exactly at the orbifold fixed point. In this case they may have some partial protection from SUSY breaking, resulting in soft terms smaller than m 3/2 , but not as small as those of the stop and Higgs fields. From this perspective, the case with the orange dots is disfavoured in the mini-landscape picture. We have nonetheless shown it here for completeness.
Implications for LHC, ILC and dark matter searches
In this section, we investigate briefly the prospects for discovery of SUSY particles within the context of the natural mini-landscape picture. In this section, for brevity, all the results showing ∆ EW versus the various sparticle masses are obtained for the canonical case with c m = (16π 2 /α) 2 , so that m 0 (1, 2) m 3/2 , and requiring in addition that m 0 (1, 2) 2m 0 (3). These plots have been made by merging the results of a broad scan with those for a focussed scan for ∆ EW < 30, and the range of allowed values of µ is extended to 500 GeV.
Consequences for LHC and LHC33
We begin by showing results for the value of ∆ EW vs. mt 1 from our scan over mini-landscape parameter space in Fig. 11 . We see that for ∆ EW < 20 we expect mt 1 2 TeV, while with the more conservative ∆ EW < 30 constraint mt 1 may be as heavy as 2.5 TeV. For SUSY mass spectra from the natural mini-landscape where m W 1 , Z 1,2 ∼ µ 200−300 GeV, it has been found that B(t 1 → b W 1 ) ∼ 50% while B(t 1 → t Z 1,2 ) are each at about 25% [57] . Meanwhile, the reach of LHC14 for top-squark pair production in several simplified models has been calculated in Ref.
[58] and [59] . There, it was found that HL-LHC with ∼ 3 ab −1 of integrated luminosity, has a 5σ reach out to mt 1 ∼ 1.1 − 1.4 TeV. Apparently HL-LHC will cover only a portion of mini-landscape parameter space via top squark pair searches. Assuming that the lighter top squark decays viat 1 → t Z 1,2 and b W 1 with branching ratios 0.25, 0.25 and 0.5, respectively, the entire allowed range of top squark masses in Fig. 11 should be accessible at LHC33 where the stop reach extends to mt 1 ∼ 2.8 TeV for an integrated luminosity of 1 ab −1 [60] . In Fig. 12 , we plot the value of ∆ EW vs. mg from our scan over mini-landscape parameter space. For ∆ EW < 20, then mg 4.5 TeV while the more conservative bound ∆ EW < 30 yields mg 6 TeV. The upper bound on mg from the mini-landscape model is higher than the value derived [62] from models such as NUHM2 where m 0 (1, 2) = m 0 (3). This is because in the minilandscape case the positive contributions to stop masses from a heavy gluino (that lead to the upper bound on its mass) are partially compenstated by the large two-loop RGE contribution from heavy first/second generation scalars which depress the stop mass parameters. For the natural mini-landscape spectra, usuallyg → tt 1 followed byt 1 decays as mentioned above. The reach of HL-LHC has been calculated for pp →ggX in Ref. [61] where it was found that the 5σ reach of LHC with 0.3 (3) ab −1 extends to mg ∼ 2.4 (2.8) TeV. We see again that the HL-LHC will cover only a portion of natural mini-landscape parameter space via gluino pair searches. However, SUSY searches at LHC33 [46, 60] should be able to cover much of the gluino range in Fig. 12 .
In Fig. 13 we plot the points from the general scans in Fig. 10 in the mt 1 − mg plane using the same color coding as before. We see that the upper bounds on the stop and gluino masses are insensitive to the precise value of m 0 (1, 2)/m 3/2 . Since the gluino reach of LHC33 extends to ∼ 5.5 TeV if mt 1 > 2 TeV [46] , we conclude that LHC33 experiments should be sensitive to both gluino and squark signals over most of the natural parameter space of the mini-landscape framework, and of course, that SUSY will not evade detection at LHC33 if it is realized in this incarnation.
In Fig. 14 , we plot ∆ EW versus the value of the charged wino mass m W 2 M 2 (weak). We see that for ∆ EW < 20 (30) then m W 2 is bounded by ∼ 2 (2.5) TeV. This is somewhat higher than the value obtained in models like NUHM2 with gaugino mass unification where instead it is found that m W 2 1.3 (1.6) TeV [62] . The wino mass is relevant to LHC SUSY searches via the same-sign diboson channel where pp → W 2 Z 4 followed by W 2 → W Z 1,2 and Z 4 → W ± W ∓ 1 . These decay modes lead about 50% of the time to a W ± W ± + E T final state which provides a low jet activity same-sign dilepton signature with very low SM backgrounds, the largest of which arises from ttW production. The LHC reach was estimated in this channel for 1 ab −1 to extend to m 1/2 ∼ 1 TeV corresponding to a reach in m W 2 of about 0.85 TeV [63] . A rough extrapolation to 3 ab −1 should extend HL-LHC reach to the vicinity of m W 2 ∼ 1.2 TeV. In any case, again we see that HL-LHC can cover only a portion of natural mini-landscape parameter space via the SSdB signature.
In the natural mini-landscape model, we expect the higgsinos to have the tightest upper bounds from naturalness so that m W 1 , Z 1, 2 200 − 300 GeV. While higgsino pair production can occur at large enough rates at LHC, the inter-higgsino mass gap is small, e.g. from Fig.  15 , we see that m Z 2 − m Z 1 ∼ 3 − 15 GeV. As a result Z 2 , and analogously also W 1 , release very little visible energy in their decays, and so mainly contribute to the missing transverse energy. It has been shown that the resultant monojet signature from pp → Z 1,2 Z 1,2 j or W 1 Z 1,2 j production at the LHC (where j denotes a hard QCD jet) occurs at only the 1-2% level above SM background from mainly Zj production where Z → νν [64] . An alternative signature has been suggested [65, 66] where pp → Z 1 Z 2 j production followed by Z 2 → + − Z 1 giving rise to soft dileptons plus jet (used for trigger) plus E T . The reach of HL-LHC in this channel has been found to extend to µ ∼ 250 GeV for mass gaps ∼ 10 − 20 GeV. In the case of the mini-landscape where bino and winos can be somewhat heavier than in unified gaugino mass models the inter-higgsino mass gap is typically smaller (less higgsino-gaugino mixing), as seen in Fig. 15 . This makes detection of the + − j+ E T channel somewhat more difficult than in models with gaugino mass unification both because the dilepton p T ( ) spectra is softer and also because SM backgrounds from Drell-Yan and Υ and associated production become more relevant.
Consequences for ILC
The proposed International Linear e + e − Collider is proposed to be built in Japan and could operate initially at √ s ∼ 250 GeV as a Higgs factory with later upgrades to √ s = 500 and even 1000 GeV. The light higgsinos W 1 and Z 1,2 are required to be not too far from m W,Z,h via the naturalness condition: see Fig. 16 and Z 1 Z 2 processes should be observable provided that these reactions are kinematically accessible. The modest interhiggsino mass gaps probably offer no great obstacle to discovery of higgsino pair production in the clean environment of e + e − collisions [67, 68, 69] , although detailed studies for mass gaps of [68] and [69] , these ought to be extractable using fitting procedures. It would be interesting to carefully examine whether these methods that have been shown to provide useful measurements in a case study with a neutralino mass gap of 22 GeV continue to work for the smaller mass gaps of 3 − 15 GeV typical of the mini-landscape picture.
Once the gaugino masses are extracted (including M 3 if gluino pair production is found at LHC [61] or its energy upgrade) then one will be able to test if the gaugino masses unify at Q = m GUT , or at Q = µ mir as expected in the mini-landscape picture where the gaugino mass pattern is as given by mirage mediation.
Consequences for WIMP and axion searches
Dark matter in the natural mini-landscape framework is expected to occur as a mixture of QCD axions and higgsino-like WIMPs. The WIMPs are thermally underproduced owing to large higgsino-higgsino annihilation and co-annihilation reactions in the early universe. Typically the higgsino-like WIMP thermal abundance is a factor 10-20 below the measured value. Since it is reasonable to require naturalness in the QCD sector as well (solving the strong CP problem), the QCD axion is a highly motivated candidate for the remaining dark matter. The SUSY DFSZ axion has been suggested as a solution to the SUSY µ problem [38] while simultaneously allowing for a little hierarchy [39] 
Pl where Λ is the scale for gaugino condensation occuring in the hidden sector.
While axions are produced as usual non-thermally via vacuum mis-alignment, one must also account for the other components of the axion superfield: the spin-1/2 axinoã and the spin-0 saxion s. Axinos and saxions are expected to acquire masses ∼ m 3/2 ∼ 10 − 50 TeV. Axinos can be produced thermally and if they decay after WIMP freeze-out then they augment the WIMP abundance. Saxions can be produced thermally but also via coherent oscillations. If they decay after freeze-out, then they also may augment the WIMP abundance. If they decay dominantly to SM particles then they may inject late time entropy into the cosmic plasma thus diluting any relics which are present. And if they decay to axions s → aa then they may inject additional relativistic degrees of freedom in the cosmic plasma (for which there are strong bounds on additional neutrino species ∆N eff 1). The exact abundances of axions and higgsino-like WIMPs depends on the various PQ sector parameters and sample calculations are shown in the eight coupled Boltzmann equation solutions from Ref. [70] . It was found that for much of the allowed parameter space, axions dominate the relic abundance [48] .
Prospects for higgsino-like WIMP direct detection via spin-independent (SI) or spin-dependent (SD) scattering have been shown in Ref. [71] for a variety of models. A key point here is that the detection rates may be lowered by up to a factor ξ ≡ Ω Z 1 h 2 /0.12 to account for the depleted local abundance of WIMPs from the usually assumed density ρ local 0.3 GeV/cm 3 . The indirect WIMP detection rates from cosmic WIMP annihilation depend on the square of the WIMP density, and so are suppressed by a factor of ξ 2 . In Fig. 17 , we show a plot of the expected scaled spin-independent WIMP-nucleon cross section for natural mini-landscape models assuming that the relic density of the higgsino-like WIMP is given by its thermal value. We show results for the same three scans from Fig. 10 , using the same colour-coding as in this figure. We plot only those points consistent with the current bounds from the LUX experiment (with 95+332 live days combined exposure) [72] . The expected direct detection rates are not very sensitive to the ratio m 0 (1, 2)/m 3/2 , assuming it is within a factor 2 of unity. We also show projections for the sensitivity of the XENON1T, XENONnT [73] and the LZ [74] experiments. In contrast to expectations in natural SUSY models with gaugino mass unification where it was concluded that XENON1T would be sensitive to the direct detection signal over the bulk of parameter space [71] , we see that for the mini-landscape picture multi-ton detectors will be needed for complete coverage. This is because the bino and wino masses can be substantially larger in the mini-landscape picture compared to models with unified gaugino masses, reducing the gaugino content in the higgsinolike Z 1 . As a result, the h Z 1 Z 1 coupling which arises only via gaugino-higgsino-Higgs boson interactions, is correspondingly reduced. Since WIMP-nucleon scattering is typically dominated by the h-exchange contribution, the direct detection cross section can decrease to smaller values in the mini-landscape picture. It is heartening though that future detectors such as LZ and XENONnT are projected to probe the entire natural mini-landscape parameter space subject to the usual caveats that there is no injection of entropy (from late decays of moduli or from the decays of saxions) that dilutes the WIMP density below its thermal value.
Turning to indirect detection, we have also evaluated expectations for detection of gamma ray signals from cosmic WIMP annihilation. We find that these are a factor of 10-20 below the Figure 17 : A scatter plot of ξσ SI ( Z 1 , p) versus m Z1 for solutions with ∆ EW < 30 from the same three scans over the natural mini-landscape parameter space with m 0 (1, 2) (2, 1, 1/2) × m 3/2 illustrated in Fig. 10 . Here ξ is the higgsino fraction of the total CDM density, assuming that the relic density of higgsino WIMPs is given by its thermal value. The colour scheme in this figure is the same as in Fig. 10. current bounds from the Fermi-LAT/MAGIC collaboration [75] , assuming WIMP annihilation to W + W − pairs. We also find that, except perhaps at the highest values of WIMP masses in the last figure, the gamma ray signals also lie beyond the reach of the CTA [76] , assuming a 500 h exposure. We do not show these results for the sake of brevity.
Conclusions
In this paper, we have examined the superparticle mass spectra and broad phenomenological features of the mini-landscape picture, focussing on the region of parameter space consistent with electroweak naturalness. The mini-landscape scenario is a string-motivated construction based on the expectation that the MSSM emerges as the low energy theory in special regions of the string landscape. The salient feature of this scenario is that the multiplet structure as well as the masses of the MSSM fields depends on their location in the compactified manifold. The symmetry group of the low energy theory is just G SM , but first and second generation multiplets that live near the orbifold fixed point have enhanced symmetry and enter as complete representations of SO (10), while only the SM gauge, Higgs and third generation matter multiplets remain at lower energies. Superymmetry breaking is also felt differently by the various particles. Gaugino mass parameters are suppressed relative to m 3/2 and exhibit the mirage mediation pattern in Eq. (10) . Third generation squark and soft Higgs parameters are also relatively suppressed, while first/second generation soft SUSY breaking masses are expected to be comparable to m 3/2 . The mini-landscape picture leads to the parametrization of soft SUSY breaking parameters given by Eqs. (10-17) which we have dubbed generalized mirage mediation. This framework is completely specified by the parameter set (9) .
We have identified the region of model parameter space consistent with low electroweak finetuning ∆ EW ≤ 30. The ∆ EW measure yields the most conservative value of fine tuning in the sense that it allows for the fact that soft SUSY breaking parameters -that are often regarded as independent -may actually be correlated by the SUSY breaking mechanism. The main features of the superparticle spectra in this preferred region are summarized below and compared to corresponding features of the natural NUHM2 model where gaugino mass unification is assumed.
• As in all models with low electroweak fine-tuning, we expect light higgsino states Z 1,2 , W ± 1 with masses not far above m Z . In the mini-landscape scenario, the neutral higgsino mass splitting is typically 3-15 GeV (to be compared with 10-25 GeV in the natural NUHM2 model [62] ).
• In contrast to the NUHM2 model where gaugino mass unification leads to weak scale gaugino masses in the ratio M 1 : M 2 : M 3 1 : 2 : 6, the gaugino spectrum from the natural mini-landscape may be compressed. The degree of compression sensitively depends on the mirage unification scale µ mir which in turn depends on how low α can be while maintaining consistency with LHC bounds on mg. This compression is relatively mild if we assume the squark mass parameters of the first two generations are close to m 3/2 but significantly larger compression is possible if these squarks are much lighter than m 3/2 .
• We find that mg 6 TeV and mt 1 2.5 TeV if ∆ EW < 30 and m 0 (1, 2) is within a factor 2 of m 3/2 . Moreover, mg > 5 TeV only when mt 1 < 2 TeV.
• The first two generations of squarks and sleptons are very heavy. While this puts them well beyond the range of LHC, it also ameliorates the SUSY flavour problem.
While it is possible that experiments at the LHC may discover the gluino or the top squark if SUSY is realized in the natural region of mini-landscape parameters, their discovery is not guaranteed at even the HL-LHC. Moreover, the discovery of SUSY via W ± W ± + E T events which is nearly guaranteed at the HL-LHC in the natural NUHM2 model, is no longer a sure thing within the mini-landscape picture because the compression of the gaugino spectrum now allows much heavier winos even in natural models. This same compression also leads to a reduced mass difference m Z 2 − m Z 1 rendering the mono-jet plus soft dilepton signal (which was observable in the natural NUHM2 model) more difficult to extract. We are thus forced to conclude that SUSY detection is not guaranteed over the entire natural parameter space of the mini-landscape model even at the HL-LHC. Detection of higgsino-like WIMPs at XENON1T is also not guaranteed in the mini-landscape picture. Larger detectors such as XENONnT and LZ will, however cover the entire natural mini-landscape parameter space unless late injection of entropy reduces the WIMP density from what we expect assuming that the higgsino is a thermally produced relic in standard Big Bang cosmology.
Turning to future colliders, it is very likely that experiments at electron positron colliders will be able to detect higgsinos via e + e − → Z 1 Z 2 , W + 1 W − 1 production if these reactions are kinematically accessible. Experiments at LHC33 will be able to access top squark signals over the entire natural SUSY mass range, and also gluino signals over almost all of the natural range of mg in the mini-landscape scenario.
